We analyze a numerical model for the Signorini unilateral contact, based on the mortar method, in the quadratic finite element context. The mortar frame enables one to use non-matching grids and brings facilities in the mesh generation of different components of a complex system. The convergence rates we state here are similar to those already obtained for the Signorini problem when discretized on conforming meshes. The matching for the unilateral contact driven by mortars preserves then the proper accuracy of the quadratic finite elements. This approach has already been used and proved to be reliable for the unilateral contact problems even for large deformations. We provide however some numerical examples to support the theoretical predictions.
Introduction
High-order finite elements are more and more relevant for complex systems since they allow for large computations with increased accuracy. Engineers of unilateral contact may be interested in as an afforded response to capture small structures in their numerical simulations. Letting apart the linear finite element to which a wide literature is devoted. We refer to the books [22, 31, 44] as classical references, then to [12] for earlier a priori error estimates and to [24, 29, 35] for more recent studies which improve former results in the literature. Conducting the convergence analysis of the finite element approximation applied to unilateral problems turns out to be a pain in the neck, presumably because they are expressed by variational inequalities. Unlike the linear variational equations for which a general theory of the finite element methods has been developed, specific tools should be used for the unilateral contact inequality according to the degree of the finite elements. Here, we are interested in the Signorini boundary contact. Some of the mixed finite elements that are performing tools to efficiently handle the numerical locking caused by the nearly incompressible materials in elasticity, are based on quadratic elements (see [11] ). One may think for example of Taylor-Hood elements already used for the unilateral contact (see [6, 28, 40] ). These all are as many reasons why it is worth to study quadratic finite elements for the unilateral contact. We are involved in non-matching meshes and in the use of the mortar method. Deep attention has been successfully devoted to a single mesh context in Signorini's problem or in the case of compatible grids that is the meshes within each component of the system to handle numerically coincide at the interfaces. Detailed studies with optimal convergence estimates are available for those finite element methods with matching grids (see [4] ). When the meshes are constructed independently, resulting in dissimilar grids that do not match at interfaces, a substantial implementation and validation work have been achieved (see [20, 21, 30, 34, 37, 38] ) either in unilateral or bilateral contact with or without friction. We recommend in particular the interesting survey provided in [33] . In the numerical analysis chapter, only few attempts have been realized for the unilateral configurations (see [27, 30] ). We pursue here a study of some numerical modelings of unilateral contact in the frame of the mortar-matching for finite elements with degree two, applied to the primal variational Signorini Inequality. A literature exists on the linear mortar finite element method for the Signorini problem. We refer to [3, 5, 25, 26, 42] without being exhaustive. Users are recommended not to enforce the unilateral conditions on the discrete solution before running the mortar projection. Such a mortar matching, first introduced in [8] , allows to express the unilateral inequalities, in the discrete level, on traces built on the same grid and avoids by then possible instabilities along interfaces. It is nowadays widely known that writing unilateral inequalities directly on the approximated solution at the interfaces as done in the classical node-to-segment treatments, generates low numerical accuracy. We refer to [21, 32, 43] for a worthy discussion about the efficiency of the mortar method in interface contact mechanics.
Our willing is to focus only on the mortaring and technical issues related to, for conciseness. We exclude therefore any other features which are doubtless as important in unilateral contact and that are either already successfully handled or under consideration in many research teams. We pay all our attention to the mortar projections along interfaces of dissimilar grids, to the way the unilateral contact is enforced at the discrete level and finally to show how the combination of both yields optimal convergence results, owing to Falk's Lemma. The outline of the paper is as follows. Section 2 is a presentation of some models where unilateral contact is involved. We describe briefly the static problem of the unilateral contact between two elastic bodies, the solution to be computed is the displacement field. We recall also the unilateral conditions in the case of the Laplace equation. The regularity issue for the solution of the Signorini-Laplace problem is discussed at the end of the section. In Section 3, we introduce the mortar framework for the quadratic finite elements and the unilateral conditions are then expressed at the nodes of the interfaces. After recalling a suitable version of Falk's Lemma, we dedicate Section 4 to the numerical analysis of the mortar quadratic finite element method for the SignoriniLaplace problem. The convergence rates we exhibit in our main result, Theorem 4.1, are similar to the case where matching grids are used. As a result, using incompatible grids in the simulation of unilateral contact does not degrade the accuracy when mortar-matching drives the communication between different meshes. The final section is dedicated to some numerical experiences to check the theoretical predictions. Lastly, in Section 5, we describe and comment some experiences realized in Freefem++ to assess the theoretical predictions proved here. Some notations. Let C (Ω) be the space of real valued continuous function on a given domain Ω. The Lebesgue space of square integrable functions L 2 (Ω) is endowed with the natural inner 
Examples of unilateral conditions
A large number of thermal, mechanical or electrical devices can be modeled by unilateral boundary conditions. We refer the reader to the book by Duvaut and Lions [17] for various examples. In fact the two examples we describe here are picked up from that reference. 
Unilateral contact between two solids
Let us consider two elastic solids occupying the domains Ω s and Ω i in their initial unconstrained configurations. They are assumed in contact with each other along a common part of their boundaries (∂Ω s ∩ ∂Ω i ). These boundaries ∂Ω s and ∂Ω i are supposed regular and the unit external normal is denoted by n when no confusion is feared or n i and n s for the corresponding bodies. Each of Fig. 1 ). The solid Ω is fixed along Γ D and is subjected to a traction or compression force g (∈ L 2 (Γ N )) on Γ N and to a volume force f (∈ L 2 (Ω )), which is most often its own weight. Both solids share a common zone Γ C = Γ 
The bold symbol div denotes the divergence operator of a tensor field and is defined as div σ = ∂σ kr ∂xr k · The bodies are made of Hook type material whose constitutive laws are given by σ (u ) = A (x) (u ), where A (x) is a fourth order symmetric and elliptic tensor. Frictionless unilateral contact conditions enforced on Γ C allow to close the system
stands for the jump of the normal displacements contact across Γ C . Condition (2.4) expresses the Newton action and reaction principle, (2.6) indicates that the contact occurs without friction. Most often, the modeling of the contact condition is formulated using a gap function ζ defined on Γ C , so that instead of [u · n] ≤ 0 and of the saturation condition σ n [u · n] = 0 we have [u · n] ≤ ζ and σ n ([u · n] − ζ) = 0 on the contact zone Γ C (see [17] ). As the whole subsequent analysis can be extended straightforwardly to the case where ζ does not vanish, we choose, only for conciseness, ζ = 0. In what follows we will write σ for σ (u ). The analysis is limited to infinitesimal deformations (small perturbations) and therefore to the case of linear elasticity where the strain tensor produced by the displacement v is
In order to derive the variational formulation of the unilateral contact problem (2.1)-(2.6) we need the spaces
This space is endowed with the broken semi-norm: ∀v ∈ X(Ω),
which is, because of the Dirichlet condition and Korn's inequality, a norm equivalent to the broken norm . * ,H 1 . Then, the appropriate closed convex set K(Ω) of admissible displacements is defined by
The weak formulation results in a variational inequality that reads as:
In (2.7), we set:
The existence and uniqueness of u ∈ K(Ω) which solves problem (3.5) result from Stampacchia's Theorem (see [22, 31] ). 
The Signorini-Laplace problem
The unilateral contact problem we interested in consists in finding p = (p i , p s ), satisfying the following equations:
To complete the model, unilateral conditions should be provided along Γ C . They read as
We aim at a variational framework fitted to the problem (2.8)-(2.11). It is provided by the broken space
The broken norm is denoted by · * ,H 1 . Taking into account the unilateral contact condition on Γ C in the weak formulation is ensured by incorporating it in the closed convex cone
The primal variational principle applied to problem (2.8)-(2.11) produces the variational inequality consisting in: finding p ∈ K(Ω) such that:
In (2.12), we have set
Applying here again Stampacchia's theorem (see [22] ), we state that the variational inequality (2.12) is well posed and has only one solution in p ∈ K(Ω) that depends continuously on the data (f, g).
Remark 2.1. In the variational formulation, the mathematical sense given to conditions (2.11) is as follows
Roughly, the first formula says (a i ∂ n )p i ≥ 0 on Γ C while the second expresses the saturation condition
Remark 2.2.
Variational inequality (2.12) can be viewed as the optimality condition of a quadratic minimization problem on the closed convex K(Ω). Hence, the solution p ∈ K(Ω) is the one that satisfies
About singularities
The numerical analysis of any finite element method applied the unilateral contact problem (2.12) requires the knowledge of the regularity of the solution p = (p i , p s ). Since the work by Moussaoui and Khodja (see [36] ), it is admitted that the unilateral condition may generate some singular behavior at the neighborhood of Γ C . We assume Γ C is the union of regular portions connected to each other through some corners. Some singularities are generated by the angular interfaces and some others are specifically created by the contact condition. We will assume that a = 1, this is the most easy case to chack out for the regularity of the Signorini solution.
Let us first look at the portions of the unilateral boundary that are straight-lines. The unilateral contact on Γ C creates some singularities caused by the points where the contact changes from binding 
The polar coordinates (r, θ) are used with origin m and ϕ is a cut-off function around m. The effective contact takes place for θ = π and the pressure p is discontinuous at θ = 0(2π). Writing the unilateral conditions (2.10)-(2.11) at both sides of m
This yields that k is necessarily odd and α k > 0. Then only the odd k-singularities are involved in the expansion of p , produces that
We expect therefore that p ∈ H σ (V m ) for any σ < 
where η k > 0 is sufficiently large to ensure that p i > p s within the support of ϕ (at the neighborhood of the corner m). Moreover, the logarithm is there for S 
. Would these singularities be switched off, there would be a jump on the regularity exponents, since 5/2 < σ < 1 + min( 
The quadratic mortar finite element method
We pursue the numerical simulation of the unilateral boundary conditions by non-matching finite element grids. The main advantage is the possible generation of meshes well adapted to the local features of the domain components and to the physical parameters. As said earlier, the convergence rate of the finite element approximation depends on the regularity of the solution p. According the previous regularity discussion it may reasonably happen that p belongs to a more regular space than H 3/2 or even than H 5/2 , at least near Γ C . Therefore, the approximation of the variational inequality (2.12) by affine finite elements fails to fully account for that regularity of p (at least at the vicinity of Γ C ). We are indeed limited by H 2 . Quadratic finite elements for the Signorini problem have been analyzed in [4, 27] . Many factors command the accuracy of the discretization such as the smoothness of Γ C , the regularity of f and g, the way Γ C is approximated by a given mesh . . . , and the unilateral singularities along Γ C . Our scrutiny work is exclusively oriented toward the effect of this last point, and we do not pay attention to the other factors. They are all classical and have been considered in many works (see [9, 15] ). Assume then that the domain Ω is polygonal so that it can be exactly covered by rectilinear finite elements and that Γ C is a union of straight-lines.
Towards the construction of the discrete space, we recall some fundamental notions. Let h = (h i , h s ) be a given pair of real positive numbers that will decay towards zero. With each Ω , we associate a regular family of triangulations T h , with triangular elements, denoted by κ, whose diameter does not exceed h . The unilateral boundary Γ C inherits two independent meshes T
on Γ C is the set of all the edges of κ ∈ T h on the contact zone. The nodes of T
* are the edges and the middle nodes of t m is x m+1/2 . Denote by P 2 the space of the polynomials on κ with a global degree ≤ 2. With any κ, we associate the finite set Ξ κ of the vertices of κ, so that (κ, P 2 , Ξ κ ) is a finite element of Lagrange type. We define Ξ = κ∈T h Ξ κ . The finite element space in Ω is then
and 
which will be the mortar space for a fixed . Given that Γ C is a closed curve there is no need to differentiate the Lagrange Multipliers space and the mortar space as currently made (see [8] ). The mortar projection π is defined on
The operator π is an orthogonal projection with respect to the norm of L 2 (Γ C ) and is therefore expected to satisfy an optimal error estimate with respect to the norm of that space. It is also mandatory that it yields an optimal estimate for the norm of H 1/2 (Γ C ). We hence add a mild assumption on the mesh T ,C h introduced in [16] : two arbitrary edges t m and t m satisfy
where 1 ≤ α < 9 and η does not depend on h s . T
,C h
is then called an (M)-mesh 8 . As a result, the following stability holds:
The proof may be issued from the results in [16, 39] and an interpolation artifice of linear operators in Hilbert spaces. Moreover, π satisfies some approximation results. Let μ ∈ [0, 3[, the following approximation holds:
We proceed with the construction of the discrete convex cone. We have then to decide which side of Γ C plays the role of the mortar, let us say Ω i , the same Γ C as a part of ∂Ω s is hence the non-mortar. The purpose Figure 2 . A test functions ψ h . Observe that its affine at both extreme edges.
consists in enforcing the non-negativity on the values of (π s (q 
The overall tools useful for the discrete variational inequality are available. The Ritz-Galerkin approximation reads as follows:
The set K h (Ω) is obviously an external approximation of
, the mortar discretization is of course non-conforming. Checking that the discrete problem (3.4) has only one solution p h ∈ K h (Ω) is an easy matter from Stampacchia's Theorem.
Remark 3.1. It is possible to split Γ C into more than one mortar (resp. non-mortar), each edge of Ω i (resp. Ω s ) may be considered as mortar (resp. non-mortar) by itself. The matching projection has to be particularized to the non mortars, whose union forms Γ C as part of Ω s . Each of these projections should be defined in the specific mortaring way (see [8, 41] ). The test functions ψ h involved in the definition of [8] has to be reshaped as depicted in Figure 2 . Nevertheless, for the issue under examination, the theory for the mortar method may be conducted similarly. We do not therefore consider this case in details.
Convergence of the Mortar method
The analysis of the accuracy of the approximation, as said earlier, will be specifically dedicated to the effect of unilateral condition, excluding the other factors such as the regularity of the data that have been widely investigated in the literature. Henceforth, f and g are taken regular. Moreover, for seek of simplicity we fix the parameter a to unity, that is a i = a s = 1. The forthcoming results are extended to the general case provided that a is smooth enough.
Relying on the discussion in Section 2.3, we will pay a particular attention to the case where the regularity exponent of the solution p is either 3/2 or 5/2. The proofs for σ = 3/2 can be reproduced, with a minor adaptation, when the regularity exponent σ lies in [ 
Assume that p ∈ H 5/2 (Ω ). Then we have that
The constant C is dependent on p H σ (Ω ) .
Remark 4.2.
The analysis of the intermediary case σ ∈]3/2, 2] requires some more work. The important fact to point at is the necessity here of a technical assumption on the effective contact region that seems to be firstly introduced in [12] . The effective contact portion of Γ C is supposed to be the union of a finite number of segments. In addition, some Sobolev and Sobolev Murray embeddings combined to finite element approximation results Lebesgue spaces L r (r > 2) are needed in the proof.
Remark 4.3.
Notice that the issue of optimal convergence rates for higher regularity that is σ ∈]5/2, 3] is still open. This has nothing to do with the mortaring process. Such results are also missing for the Signorini problem where only a single mesh is involved.
Falk's Lemma in the Mortar context
Deriving an estimate of the error (p − p h ) with respect to the energy norm relies on a basic tool obtained from the Falk Lemma (see [5, 19] ).
Lemma 4.4. Let p ∈ K(Ω) be the solution of the variational inequality (2.12) and p h ∈ K h (Ω) be the solution of the discrete variational inequality (3.4). Then we have that
Remark 4.5. The last infimum is the consistency error, it is the "variational crime" and is due to the nonconformity of the approximation.
The best approximation error
We pursue an optimal bound of the first infimum in the abstract Falk's estimate (4.1). The following holds. 
. We are therefore in the bilateral contact context. Proceeding as in [5] (see also [8] ) we are able to build
Now, let r h ∈ X h (Ω s ) be the Lagrange interpolant of r and define q h as follows
We check easily that, for all x ∈ Ξ s ∩ Γ C , we have
As a result, we have that q h ∈ K h (Ω) and the following bound holds
Using (4.4) together with (4.3) yields
The first part of the infimum (4.2) is bounded in an optimal way. There remains to estimate ∂ n p i , [q h ] 1/2,ΓC which is pretty longer. Furthermore, different technicalities are required according to the regularity exponent σ. We choose to provide the proofs into two separate lemmas that come just after. Once these are stated, the proof of the proposition will be completed.
Lemma 4.7. Assume that p ∈ H
3/2 (Ω ) and q h given as in (4.5). Then we have that
Proof. From the saturation (∂ n p i )[p] = 0 on Γ C , we derive that
The first term is handled in a standard way (see [5, 8] ). There remains to bound the second one. That [1] ). We can then write that
. Using (4.3) with σ = 3/2, completes the proof.
Lemma 4.8. Assume that p ∈ H 5/2 (Ω ) and q h given as in (4.5). Then we have that
Proof. The proof is a slightly more complicated than in the previous case. Again, the point is to bound the second term of (4.6). Notice that, due to the regularity of p , we obtain
Some indices in the sum may be removed. Are kept there only the indices m ∈M for which (
This gives (r h ) |tm = 0 and the associated integral is zero. Then, the inequality reduces to
Applying now Lemma 8.
The proof is achieved due to the estimate (4.3) with σ = 5/2.
The consistency error
Now, we are left with the consistency error. The analysis of this error requires some sharp technicalities. 
Proof. The proof takes four (arborescent) steps, though not that difficult. Given that (
Both integrals involved in there are handled separately. We start by the second integral because it is shorter.
(i) By the Cauchy−Schwarz inequality we have that
Owing to (3.3), we obtain that
(ii) Now, we turn to estimating the first integral in the bound of (4.7). Let χ h be the orthogonal projection of (∂ n p i ) on the piecewise constant functions built on the mesh T s,C h
. Actually ((χ h ) |tm ) m are obtained as the average values of (∂ n p i ) on (t m ) m and are then non-negative. Additionally we have the following bound (see [2] ),
The derivation of the desired bound is based on the following decomposition
Processing in the same lines as above we come up with the estimation
In the other side, using the Simpson formula and given that χ h ≥ 0, and [p h ] h ≥ 0, it is possible to get rid of p h to obtain that
Let us, here, look at each bound independently.
(iii) Using Cauchy−Schwarz' inequality we have that
(iv) The bound of the remaining term is processed as follows. We need η h the orthogonal projection of [p] on the piecewise constant functions built on the mesh T s,C h
. The unilateral conditions and that χ h is the orthogonal projection of (∂ n p i ) allows to write
Another use of the Cauchy−Schwarz' inequality yields that
The proof is achieved by aggregating the bounds of (i), (iii) and (iv).
Before handling the case where p ∈ H 5/2 (Ω ), we need a preparatory lemma. Let t be a segment with length h = |t|. The following holds.
Lemma 4.10. For any α ∈]
The constant C does not depend on a.
Proof. Consider for a while the reference segmentt = (0, 1). Then the Sobolev space H α (t) is continuously embedded in the space C 1 (t) (see [1] ). Letψ ∈ H α (t). Setλ(x) =ψ(x) − (c + dx). It is straightforward that λ ∈ H α (t) and we have sup
Since (c, d) are arbitrary, calling for the Bramble−Hilbert Theorem we have
Then, we derive that
A scaling transformationx → x and ψ(x) =ψ(x) provide the lemma with C =ĉ.
Lemma 4.11. Assume that p ∈ H 5/2 (Ω ). Then we have that
Proof. The structure of the proof is similar to the previous lemma, though some modifications are necessary.
(i) Setting ψ h = π s (∂ n p i ), the duality allows to write that
Owing to (3.2) and (3.3), we obtain that
Using Cauchy−Schwarz' inequality yields that
(iv) The unilateral conditions allow to write
Arguing 
The proof is completed after putting together the bounds of (i), (iii) and (iv).
Global estimations
We are now well equipped to provide the expected optimal estimate on the error (p − p h ) generated by the mortar quadratic finite element approximation.
Proof of Theorem 4.1. Here σ may equal 3/2 or 5/2. Assembling the estimate by Proposition 4.6 and Lemma 4.9, for σ = 3/2, or Lemma 4.11, for σ = 5/2, produces
The proof is complete by Young's inequality.
Numerical tests
We describe some indicative and informative numerical experiences for the Signorini−Laplace problem. The particular aim is to quantify the mortar capacity to preserve the accuracy of quadratic finite elements and to illustrate the agreement between the convergence rate observed in the computations and the one predicted by the theory. Computations for two examples are carried out by means of the code freefem++ developed by F. Hecht and his coworkers (see [23] ). We recall that the computational reliability and robustness of the mortar method in the mechanical unilateral contact has already been proved in many work (see [33] and the references therein)
In both examples, the domains are rectangular, 
Notice that the unilateral contact conditions are rather expressed as follows
The gap function is ξ(x 1 ) = −x 1 . The foregoing analysis remains of course valid as it is and provides the same convergence rates. Once the discrete finite element objects are constructed, the unilateral inequality is handled as a minimization problem as formulated in (2.15). The unilateral contact conditions on the degrees of freedom located on Γ C are written under inequality constraints. The obtained optimization problem can therefore be solved iteratively by the interior point strategy, also called the barrier method (see [10] ). Now, to assess the mortar method, combined to the quadratic finite elements, we compare the results it provides to those obtained by two other procedures. The first one is related to the simple interpolation process, used on the same incompatible meshes, for the unilateral conditions. This means that the contact is expressed in a discrete level without practicing the mortar projection π s . It is therefore changed to
The second approach, the mortar method is compared to, consists in considering conforming meshes with almost the same size as those used in the mortaring process. Consequently, no special projection is needed to glue the discretizations at the contact region. By the way, the mortar projection is nothing else than the identity. Before discussing the convergence curves, let us figure out the smoothness of p = (p i , p ). p i and p contain, each, a singularity at the origin m = (0, 0). Indeed, m splits Γ C into an effective contact zone (x 1 ≤ 0) and . According to Theorem 4.1, the convergence rate, with respect to the broken H 1 -norm, should be close to 3/2. In fact, we expect that limitation to be effective when the singular point m lies within an edge of a triangle. Otherwise, if it coincides with a vertex of some triangles, the computations may show some super-convergence result.
In all the simulations, the meshes are triangular and locally structured. We start by running computations when the singular point m is located at the middle of a triangular edge. The H 1 , L 2 and L ∞ -convergence curves, for the conforming , the non-conforming-mortar and the non-conforming-interpolation methods are provided in Figure 4 , in logarithmic scales. Obtaining the convergence rates of each method passes by the evaluation of the slopes of the error curves. Let us focus for a while on the H 1 -convergence for which we dispose of theoretical estimates at least for the conforming and non-conforming mortar approximations. The linear regressions of the H 1 -errors produce slopes that are close to 1.82 and 1.85, respectively. This is slightly better than the value predicted by the analysis which is equal to 1.5. In addition, mortaring the matching enjoys an accuracy level close to that given by conforming grids. Oppositely, the slope 1.19, for the approximation based on the crude interpolation for non-matching grids, suggests that it behaves like a linear and not as a quadratic method. Actually, the results appear satisfactory for meshes of moderate sizes. Things start to worsen for fine meshes where the behavior of the interpolation matching suffers from some weakness and confirms the well known grievances about this way to proceed. A glance to the right-bottom panel in Figure 4 allows similar conclusions for the convergence rates with respect to the L ∞ -norm. The L 2 -convergence curves show that the conforming and the mortar methods have similar behaviors, and the convergence rate is not that far from 2.5. In fact, after a careful examination of those curves, we found out that the slopes are slightly sagged down when the mesh size gets smaller. The evaluation of the slope of the first half of the curves result in the values 2.41 for the conforming discretization and 2.53 for the mortar method. The explanation of the sag (for the complete curves) is that the error inherent to the optimization solver grows up with the size of the discrete problem. It may then pollute the finite element error, the global accuracy of the approximation is hence affected and the convergence rate is slowed down. If the singularity support is located at a vertex of some triangles then the quadratic finite element approximation may not see the full singular behavior of the solution. It remains partially blind to the jump of the second derivative of the solution with respect to x 1 at the singular point. Super-convergence may hence show up for both conforming and mortar approximations. The convergence rates with respect to the H 1 -norm are almost equal to 2, and are close to 3 for the L 2 -norm. The difficulties with the interpolation matching for non-conforming grids to enjoy similar behavior are substantially aggravated. It has to be avoided, especially for methods with order higher than one. This is already widely known for the bilateral contact models. Curves in Figure 5 confirm it for the unilateral contact problems.
To close with the first example, let us draw the attention of practitioners to the way the mortar matching should be handled and implemented. The computed solution turns out to be sensitive to the accuracy of the quadrature formula used to evaluate the integrals concerning the matching formula, which is strongly impacted on the construction of the mortar projection. We resume both calculations related to the 'normal' and 'super'-convergence rates. In Figure 6 , are depicted the H 1 -convergence curves when the mortar integrals are exactly computed and when an integration Gauss formula is used with two Gauss nodes within each edge. The plot where super-convergence is expected displays a clear degradation of the accuracy, especially for fine grids, caused by the numerical integration in the mortar matching. To learn more about this issue, we recommend the interesting references [13, 18] .
The second test deals with a solution affected by the natural singularity born at the point splitting Γ C into an activated contact and non-contact zones. The exact solution is defined to be
where r = x 2 + y 2 . It is depicted in the right panel of Figure 3 . The non-smooth part of the solution looks like the first singularity r 3/2 cos(3θ/2) switched on by the unilateral contact at the vicinity of the separation point m located here again at the origin. We refer to the Section 2.3 the discussion about the singularities. The solution p belongs to H σ (Ω ) for any σ < 5 2 . This indicates why the convergence rate of the quadratic finite elements should be close to h 3/2 with respect to the energy norm. This is confirmed by the first diagram of Figure 7 , for the mortar and conforming approximations. The interpolation matching on non-conforming provides substantially less accurate results. Notice that, unlike the first example, the circular shape of the singularity contained in the solution affects the accuracy not only at the contact edge Γ C but also in the interior Figure 8 . Error function for the mortar matching (left) where the singularity seems to be the main contributor to the error. The error for the interpolation matching (right) shows that high part of the error is located at the vicinity of the effective contact line, and is necessarily due to the weakness of the point-wise matching.
of the domains Ω i and Ω s . No super-convergence phenomenon is therefore expected and the numerical results confirms this fact. There is no particular speeding of the convergence when the singular point coincides with the vertex of some triangles. Convergence curves for the L 2 and L ∞ norms are also represented in Figure 7 . The trends observed in the first example are confirmed. In the unilateral Signorini contact, the mortar matching does not lower the convergence speed of the quadratic finite element approximation realized on non-conforming grids. In the contrary, the point-wise or the interpolation matching has to be thrown away in such a context as it yields substantially less accurate computed solutions. The distribution of the errors due to each approximation are plotted in Figure 8 . The shape of these errors illustrates that, for the mortar matching, the singularity is the main cause of the limitation in the accuracy while in the interpolation matching, the way the matching is realized seems to be the principle contributor to the lost of the accuracy.
Conclusion
The numerical analysis of the quadratic finite element method with non-matching grids when applied to unilateral contact equations is achieved here. We use the mortar approach to drive the communication between different (incompatible) meshes. This mortar concept has been successfully extended to the variational inequalities in [5] for linear finite elements and employed in many computations; we refer for instance to [3, 20, 26, 32, 37, 38, 43] . The convergence rates established in this paper for the quadratic finite elements are similar to those already stated in [4, 27, 28] when matching grids are employed. We provide some computational examples to illustrate and support the analysis. Let us mention before ending that the mortar quadratic finite element method has already been used for the computational simulation of the unilateral contact in the elasticity (see [14, 21, 30, 37] ).
